We prove a generalization of the Sullivan-de Rham equivalence theorem of [4] to spaces whose fundamental groups are finite. Our algebraic realization of rational homotopy type is dg-category having certain structures. The proof depends on a theorem of Tabuada [11] and original Sullivan's theory.
Introduction
In rational homotopy theory, it is a fundamental problem to represent rational homotopy types of spaces by algebraic objects. In simply connected case, answers to this problem were given by Quillen [1] and Sullivan [5] .
Sullivan showed the rational homotopy category of simply connected (or nilpotent) spaces which satisfy certain finiteness conditions for higher homotopy groups are equivalent to the homotopy category of appropriate commutative dg-algebras over the rationals (see [5] or [4] where the authors call the equivalence the Sullivan-de Rham equivalence). A feature of Sullivan's theory is that if one consider a C ∞ -manifold as a space and if one tensors the corresponding dg-algebra with the field of real numbers, the resulting dg-algebra has a geometric interpretation, i.e., it is quasi-isomorphic to the de Rham algebra of the manifold. Because of this feature, Sullivan's theory has geometric applications. See [3, 5, 6] .
As a generalization of Sullivan's theory to non-simply connected spaces, A.Gómez-Tato, S.Halperin and D.Tanré [10] proposed the notion of local system of commutative cochain algebras and established an equivalence theorem for non-simply connected spaces which satisfy the finiteness conditions for higher homotopy groups.
In this paper we introduce a different algebraic category whose objects we expect to be realizations of rational homotopy types of non-simply connected spaces, and in fact, establish an equivalence theorem for spaces whose fundamental groups are finite (Theorem 3.3.1). That category is the category of small dg-categories having certain structures (Definition 3.2.1).
The principal feature of our formulation is that if one consider over the real (or complex) numbers, the dg-category corresponding to a C ∞ -manifold is quasi-equivalent to the dg-category of flat bundles on the manifold. In particular, if the equivalence folds for infinite fundamental group for appropriate notion of rational homotopy category, our formulation will be suitable for the application of non-Abelian Hodge theory to the topology of complex projective manifolds like [14] or [15] , as the theory states quasi-equivalence between the dg-category of flat bundles and the dg-category of semistable Higgs bundles with vanishing Chern numbers on a complex projective manifold, see [8, Section 3] . (Recall the usual Hodge theory, which states quasiisomorphism between the de Rham algebra and the Dolbeault algebra, led to the restriction of homotopy types of compact Kähler manifolds, see [3, 6] .) Acknowledgements: I thank M.Harada for informing me about nonAbelian Hodge theory, listening to my talks about this paper, and giving advices to improve readability of this paper. I also thank Y.Kimura for letting me know utility of dg-category.
Notation and terminology
Throughout this paper, k denotes a field of characteristic 0 and Q denotes the field of rational numbers. All complexes are defined over k and have cohomological grading. C(k) denotes the dg-category of unbounded complexes. For a (dg-)category C, Ob(C) denotes the set of objects of C. If C is a category, Hom C (c, c ′ ) stands for the set of morphisms between c and c ′ . If C is a dg-category, the same symbol denotes the complex of morphisms. We always identify k-linear categories with dg-categories concentrated in degree 0. Commutative dg-algebra is abbreviated to cdga and dg-category to dgc.
We denote by dgCat the category of small dg-categories unbounded in the both direction and dg-functors between them, by dgCat ≥0 the full subcategory of dgCat consisting of dg-categories C such that Hom n C (c, c ′ ) = 0 for any c, c ′ ∈ Ob(C) and for any n < 0.
For C ∈ dgCat let Z 0 (C) (resp. H 0 (C)) denote the category whose objects are those of C and whose sets of morphisms consist of 0-th cocycles (resp. 0-th cohomology classes) of complexes of morphims of C. A morphism in Z 0 (C) is said to be a chain morphsim in C. A morphism in C is an isomorphism if and only if it is a chain morphism and has a inverse which is also a chain morphism. Mor (C) stands for the set of all homogeneous morphisms of C, i.e., Mor (C) :
Let F , G : C → D be two dg-functors. A natural transformation α : F ⇒ G requires that for each c ∈ Ob(C) α c is a chain morphism and compatible with all morphisms of all degrees.
An equivalence (resp. a quasi-equivalence) between dg-categories is a dg-functor which induces an equivalence between Z 0 's (resp. H 0 's) and iso-morphisms (resp. quasi-isomorphisms) of the complexes of morphisms.
We denote by dgGr ≥0 the category of dg-graphs. Its objects are directed graphs whose edges have structures of complexes and its morphisms are morphisms of directed graphs which induce homomorphisms of complexes on edges. F cat : dgGr ≥0 → dgCat ≥0 denotes the free functor of [13, Section 5] . Explicitly, Ob(F cat (G)) = Ver (G), the set of vertices of G, and
where Ed stands for the complex of edges. F cat is a left adjoint of the forgetful functor dgCat ≥0 → dgGr ≥0 .
Our notion of model category is that of [9] . Let M be a model category. Ho(M ) denotes the homotopy category of M . Let M ′ be a full subcategory of M stable under weak equivalences of M . We denote by Ho(M ′ ) the full subcategory of Ho(M ) consisting of objects of M ′ . sSet stands for the category of simplicial sets and sSet * the category of pointed simplicial sets. Let K ∈ sSet. ∆(K) denotes the category of simplices of K of [9, Chapter 3]:
where ∆ is the category with objects [l] = {0, . . . , l} for l ≥ 0, and weakly order-preserving maps.
Homotopy theory of closed tensor dg-categories
The purpose of this section is to give a model structure on the category of small closed tensor dg-categories, see Theorem 2.3.1. This result is a foundation of arguments of next section.
Preliminaries

Closed tensor dg-category
Let C, D ∈ dgCat ≥0 and C ⊠ D denote a dgc defined as follows.
•
Let C op denote the opposite dg-category of C whose composition is defined by g • f := (−1) deg g·deg f f • g, where the composition of right hand side is that in C. We define a dg-functor
and
Definition 2.1.1. A (non-negatively graded) closed tensor dg-category is an object C of dgCat ≥0 equipped with the following structures.
• a morphism −⊗− :
• natural isomorphisms
satisfying usual coherence conditions on associativity, commutativity and unity, see [2, pp.251 ],
• a morphism Hom :
• a natural isomorphism φ :
• two natural transformations P 1
is an isomorphism, and
• a distinguished object 0 ∈ Ob(C) such that Hom C (0, c) = 0 for any c ∈ Ob(C).
A morphism of closed tensor dg-categories is a morphism F : C → D of dgc's which preserves all of the above structures. For example,
cl the category of closed tensor dgc's.
We apply the notions of equivalence and quasi-equivalence to objects of dgCat cl . We say two objects of dgCat
≥0
cl are equivalent if they can be connected by a finite chain of equivalences in dgCat
cl .
An ideal of a dg-category C is a non-unital dg-subcategory I of C such that it contains all objects of C and if f and g are morphisms of C, one of them is in I, and g • f exists, g • f is in I. If I is an ideal of C, then a dg-category C/I is defined by Ob(C/I) = Ob(C) and Hom C/I (c, c ′ ) = Hom C (c, c ′ )/Hom I (c, c ′ ). For a subset S of Mor (C), the ideal generated by S is the smallest ideal which contains S.
Let
There is an obvious notion of T -closed ideal generated by S.
A model category structure on dgCat
The following theorem is the main result of [11] which is crucial for our argument.
Theorem 2.1.2 ([11]
). The category dgCat has a cofibrantly generated model structure where weak equivalences and fibrations are defined as follows.
• A morphism F : C → D ∈ dgCat is a weak equivalence if and only if it is a quasi-equivalence.
• A morphism F : C → D ∈ dgCat is a fibration if and only if it satisfies the following two conditions.
is an epimorphism.
-For any c ∈ Ob(C) and any isomorphism f :
The free construction
We shall construct the free functor
which is a left adjoint of the forgetful functor U : dgCat ≥0 cl → dgCat. We divide it in two,
We first define T ≥0 , a left adjoint of the inclusion functor I : dgCat ≥0 → dgCat. For C ∈ dgCat let I <0 be the ideal of C generated by all homogeneous morphisms of negative degrees in C. it is enough to put T ≥0 (C) = C/I <0 .
The idea to construct
cl , which is a left adjoint of the forgetful functor : dgCat
≥0
cl → dgCat ≥0 is also elementary: Attaching necessary objects and morphisms and taking quotients necessary relations.
The universal dg-category
In this sub-subsection, we construct a dgc which is universal among the dgc's having given objects, given morphisms, given relations, and a morphism from given dgc. Suppose the following data are given:
• a set S ob ,
• a set S mor of non-negatively graded complexes.
• two functions s, t : S mor → S ob which we call source function and target function, respectively,
• a dgc C and a function o :
Let S mor be the set of homogeneous element of complexes belonging to S mor , i.e., S mor = n≥0 H∈Smor
Let Alg(C, S mor ) be the tensor algebra generated by Mor (C) ⊔ S mor ⊔ {id x } x∈S ob where id x is a formal symbol . The multiplication of this algebra is denoted by •. We say a monomial α n •· · · •α 1 of Alg(C, S mor ) is realizable if it satisfies t(α i ) = s(α i+1 ) for each i = 1, . . . n − 1 where if α is a morphism in C, s(α) (resp. t(α) ) denotes the image of the source of α (resp. the target of α) by o. An element of Alg(C, S mor ) is realizable if it is homogeneous, each of its monomials is realizable and has the same source and target. the subset of Alg(C, S mor ) consisting of realizable elements is denoted by Alg(C, S mor ) r . Suppose the following additional datum is given:
We shall construct a 5-tuple consisting of
• a family of homomorphisms of complexes {H → m D (H)} H∈Smor satisfying the following conditions.
• It must satisfy obvious consistency conditions. Firstly, the diagram
where the right and left vertical arrows are appropriate source functions (resp. target functions), commutes.
• Secondly, the composition Ob(C) o → S ob → Ob(D) equals to the function induced by the given morphism C → D.
• The naturally defined function Alg(C, S mor ) r → Mor (D) takes S rel to zeros.
• It has a universal property. If a 5-tuple
which satisfies all of the above conditions where D is replaced with E is given, there exists a unique morphism of dgc's D → E which preserves all of the above structures.
We call the dgc C[S ob , S mor ]/S rel equipped with the above structures the universal dgc associated to (C, S ob , S mor , S rel ).
We shall construct the universal dgc. If we have constructed such a dgc for the case S rel = ∅, then for general case, it is enough to put C[S ob , S mor ]/S rel = D 0 /I where D 0 = C[S ob , S mor ]/∅ and I is the ideal of D 0 generated by the image of S rel by the function Alg(C, S mor ) r → Mor (D 0 ). So we may assume S rel = ∅.
We first define a dg-graph A by
We consider the dgc D ′ := F cat (A). Let [f ] denote the morphism of F cat (A) corresponding to an edge f ∈ A. Let J be the ideal of D ′ generated by
. The other data are defined obviously and it is clear that D is the required universal dgc.
The free closed tensor dg-category
For simplicity, we first consider the category dgCat ≥0 cl,nc of dg-categories who have the additional structures of closed tensor dg-category except the coproduct functor ⊕ and construct the free functor
which is a left adjoint of the forgetful functor. (nc means non-coproductive.)
Let S be a set and W cl,nc (S) be the set of words generated by S and a formal symbol 1 with operations ⊗, Hom. More precisely, W cl,nc (S) is defined inductively as follows. Set
Note that the operation ⊗ doesn't satisfy the associativity low and 1 doesn't play any special role yet.
Let C ∈ dgCat ≥0 . To construct the free non-coproductive closed tensor dg-category F cl,nc (C) associated to C, we first construct the following.
• a sequence of dgc's C = D −1
Mor (D 0 ) whose inverse is τ y,x , and
• chain morphisms ev which satisfy the following conditions.
• For j ≥ 0, Ob(D j ) = W cl,nc (Ob(C)).
• Ob(I −1 ) is the inclusion Ob(C) → W cl,nc (Ob(C)) and for j ≥ 0 Ob(I j )
is the identity.
• For j ≥ −1, Ob(T j ) = ⊗ and Ob(H j ) = Hom where the right hand side of each equation is the operation of W cl,nc (Ob(C)).
• For j ≥ −1,
• For j ≥ −1, (I j , T j , H j ) has a universal property as follows. Suppose the following data are given.
-a dgc E,
Suppose also these data satisfy the following conditions.
-I ′ preserves all of the isomorphisms and chain morphisms mentioned above.
(If j = −1, these conditions are ignored.) Then if j ≥ 0 (resp. j = −1), there is a unique morphismĨ ′ :
Ĩ ′ preserves all of the isomorphisms and chain morphims mentioned above).
The construction proceeds in induction. Suppose we have constructed the stage p ≥ −1. In other words, we have constructed
which satisfy the above conditions. We shall construct D p+1 . The idea is to define S ob , S mor and S rel appropriately, and put
Set S ob := W cl,nc (Ob(C)). We define S mor . In the following, for a set of complexes M (which will be a subset of S mor ) we use the expression
This means M consists of M (x, y)'s, M (x, y) is a complex whose source (resp. target) is x (resp. y) and (x, y) runs through M ob , which is a subset of (S ob ) ×2 .
When p = −1, We define sets of complexes Tens, Ass, Ass
It will be clear that what Tens ob , . . . , Coev ob are. For example,
We agree that Ass −1 (resp. Unit −1 ) is a copy of Ass (resp. Unit) whose source and target functions are replaced with each other and we denote by a ′ x 1 ,x 2 ,x 3 (resp. u ′ x ) the element of the complex belonging to Ass −1 (resp. Unit −1 ) which corresponds to a x 1 ,x 2 ,x 3 (resp. u x ). We set
To define S rel , we define three subsets of Alg(D p , S mor ), R 1 , R 2 and R 3 as follows. In the following, f 2 ) ) denotes the element f 1 ⊗f 2 ∈ Tens(x 1 ⊗x 2 , y 1 ⊗y 2 ) (resp. ∈ Int( Hom(x 1 , x 2 ), Hom(y 1 , y 2 ) ) ).
is the structure morphism of the universal dgc. R 1 (resp. R 2 ) ensures that one can define a dg-functor 4 . R 1 and R 2 are the ones defined above and
ensure the compatibility involving I − , T − and H − and we have completed the induction. Now, we shall define the free non-coproductive closed tensor dgc F cl,nc (C) associated to C. Set
where we regard
. These are well-defined by the compatibility of I j 's with T j 's and of I j 's with H j 's. Let J be the T ′ -closed and H ′ -closed ideal generated by the relations which ensure the following conditions.
• a, τ and u are natural isomorphisms and all of the coherence diagrams required in the definition of closed tensor dgc are commutative.
• The morphisms of complex φ x,y,z :
Obviously these relations are represented by elements of Mor (D ′ ). We set
Using the universality of each D j , one can check the functor :
cl,nc given by C → F cl,nc (C) is a left adjoint of the forgetful functor.
Now we shall complete the construction of the free functor
cl . Let S be a set. We denote by W ⊕ (S) the set of words generated by S ⊔ {0} with the operation ⊕, and by W cl (S) the one generated by S ⊔ {0, 1} with the operations ⊗, Hom and ⊕. One can define a distribution function δ : W cl (S) → W ⊕ (W cl,nc (S)) inductively as follows. δ(x) := x for x ∈ W cl,nc (S) ⊔ {0}, δ(x ⊕ y) := δ(x) ⊕ δ(y),
where Hom is abbreviated to H.
where we omit brackets and 0 for notational simplicity. Set Hom F cl (C) (x, y) := λ,µ Hom F cl,nc (C) (x λ , y µ ). Then F cl (C) is the required free closed tensor dg-category.
A model category structure on dgCat
≥0 cl
Limit and colimit
We must show the category dgCat ≥0 cl is closed under small limits and colimits. Limits equal to those of underlying dg-categories with the additional structures naturally defined on them. As for colimits, pushouts can be constructed by induction. Let
cl . We put D −1 := C 1 ⊔ C 0 C 2 , the pushout in dgCat ≥0 (see [11] ) and attach objects and morphisms step by step using universal dgc. The details are omitted. Infinite coproducts are similar.
Functorial path object
We also need a functorial path object in dgCat • a sequence of natural transformations { C → P(C)
which is a factorization of the diagonal, such that U(C) → U(P(C)) → U(C × C), where U : dgCat ≥0 cl → dgCat is the forgetfull functor, is a path object diagram in dgCat for any C ∈ dgCat ≥0 cl .
Note that k → ∇(1, * )
→ k×k is a path object diagram in the category of commutative dg-algebras over k. (For the notations, see Subsection 3.1.) We define P(C) as follows.
• An object of P(C) is an isomorphism in C.
• For isomorphisms f :
and the composition is given by (β ⊗ η)
and ω, η ∈ ∇(1, * ).
• The additional structures are defined by those of C. For example,
Now one can prove the following theorem by the standard path object argument, using the functorial path object P and the free functor F cl has a cofibrantly generated model structure such that a morphism F is a weak equivalence or a fibration if and only if so is U(F ) in dgCat.
The Sullivan-de Rham equivalence for finite fundamental group
The purposes of this section are to introduce an algebraic category whose objects we call Tannakian dg-categories and to show the Sullivan-de Rham equivalence theorem for spaces with finite fundamental groups.
Let Vect ′ denote the category of all finite dimensional k-vector spaces and k-linear maps. We let 1 = k regarded as a k-vector space and fix a 0-dimensional vector space 0. With these distinguished objects, Vect ′ has a structure of closed tensor category with the the usual operations ⊗, Hom and ⊕. By definitions these operations have no relations. For example,
′ is equivalent to a initial object of dgCat
≥0
cl . We denote by Vect the full subcategory of Vect ′ consisting of objects represented by words generated by 1, 0 with the operations ⊗, Hom and ⊕. Vect is small and as a consequence of the above assertion, it is (isomorphic to) an initial object of dgCat For a group G, Rep(G) stands for the category of representations of G whose underlying vector spaces belong to Vect. Rep(G) has a closed tensor structure such that the forgetful functor Rep(G) → Vect is a morphism of closed tensor categories.
The generalized de Rham functor
In this subsection, we define an Quillen pair
We first recall the notion of standard simplicial commutative dga ∇( * , * ) from [4, Section 1]. Let p ≥ 0 and ∇(p, * ) be the commutative graded algebra generated by indeterminates t 0 , . . . , t p of degree 0 and dt 0 , . . . , dt p of degree 1 with relations
We regard ∇(p, * ) as a cdga with the differential given by d(t i ) := dt i . We can define simplicial operators [4] ) and we also regard ∇( * , * ) as a simplicial commutative dga.
The following definition is adapted in [10] Definition 3.1.1. Let Vect iso be the subcategory of Vect consisting of all objects and isomorphisms. Let K be a simplicial set.
A local system L on K is a functor (∆K) op → Vect iso such that for any simplex σ ∈ ∆K, any degeneracy operator s i and any morphism f :
we define the tensor L ⊗L ′ , the internal hom object Hom(L , L ′ ) and the coproduct L ⊕ L ′ of two local systems L , L ′ objectwise by using those of Vect. We denote by Loc(K) be the closed tensor category of local systems on K. If K is pointed, Loc(K) is regarded as a closed tensor category with the fiber functor given by the evaluation at the base point. 
Here ∇( * , q) is regarded as a local system by composed with the functor ∆K op → ∆ op , the limit is taken in the category of possibly infinite dimensional vector spaces, and the differential is defined from that of ∇( * , q).
We shall define the generalized de Rham functor
This is a natural generalization of the de Rham functor of [4, Definition 2.1].
For K ∈ sSet we define a closed tensor dgc T dR (K) as follows. An object is a local system on K and
The composition is defined from that of the category of vector spaces and the multiplication of ∇( * , * ), i.e.,
The additional structures ⊗, Hom and ⊕ are defined similarly. (We agree that) T dR (∅) is a terminal object of dgCat
≥0
cl and we always identify
cl ) op which we call the generalized de Rham functor. Let C ∈ dgCat ≥0 cl . We define a functor Sp : (dgCat
with obvious simplicial operators.
Lemma 3.1.3. The functor Sp is a right adjoint of T dR and the adjoint pair is a Quillen pair between sSet and (dgCat ≥0 cl ) op . So it induces a Quillen pair
Proof. The first assertion is clear. To show the second one, it is enough to examine the generating cofibrations and trivial cofibrations of sSet. One can check easily the condition about lifting of isomorphisms and the proof reduces to the case of constant coefficients, see [4, Section 1, 2] . The third follows from the second.
Comparison of
Let K be a connected pointed simplicial set and G := π 1 (K, * ). We define a functor
as follows. Let Π 1 (K) be the fundamental groupoid i.e., Ob(Π 1 (K)) = K 0 and Hom Π 1 (K) (x, y) is the set of homotopy classes of pathes from y to x.
We fix an element l x ∈ Π 1 (K)(x, * ) for each x ∈ K 0 and agree that l * = id.
where ed a(0),0 τ is the class in Hom Π 1 (K) ( τ (a(0)), τ (0) ) represented by the edge of τ connecting τ (0) and τ (a(0)).
Proof. From the above lemma, one can assume K is fibrant. In this case, each morphism of Π 1 (K) is represented by one 1-simplex of K and a homotopy between two 1-simplices with the same source and target is given by one 2-simplex. So we can define a functor
One can check easily Φ K and Ψ K are quasi-inverse to each other.
Tannakian dg-categories and equivariant commutative dg-algebras
In this subsection, we introduce the category of Tannakian dg-categories and compare it with the category of equivariant dg-algebras under certain finiteness condition. Throughout this subsection, we assume k = Q.
Recall from [8, Section 3] the notions of completeness of a dgc and completion which is an operation associating a complete dgc to a dgc. Recall also the notion of neutral Tannakian category from [7, Chapter 2] . A summary of Tannakian theory is contained in [8, Section 6] . For a neutral Tannakian category (T, ω) we denote by π 1 (T ) the group Aut ⊗ (ω).
cl, * . We say (C, ω) is a Tannakian dg-category if the following three conditions are satisfied.
• (Z 0 (C), Z 0 (ω)) is a neutral Tannakian category with respect to the tensor structure induced from that of C.
• C is complete.
• If 0 → c 0 → c 1 → c 2 → 0 is a short exact sequence in Z 0 (C) then c 0 → c 1 → c 2 is an extension in C in the sense of [8] .
A Tannakian dg-category (C, ω) is of finite type if the Tannakian dual of (Z 0 (C), Z 0 (ω)) is a finite group (regarded as an group scheme) and H i (Hom C (c 0 , c 1 )) is finite dimensional for each c 0 , c 1 ∈ ObC and i ≥ 0. We denote by Tan the full sub category of dgCat If the Tannakian dual is finite, the second condition of the above definition is equivalent to the one that H 1 (Hom C (c, c ′ )) = 0 for all c, c ′ ∈ Ob(C) and the third one is automatically satisfied. The author doesn't know whether the above condition is a sufficient condition for C ∈ dgCat ≥0 cl, * to be quasi-equivalent to T dR (K) for some connected K ∈ sSet * . It is a necessary condition by the lemma below. If C ∈ Tan f , C is quasi-equivalent to an image of T dR as we see later. Proof. By using completion, one can easily prove (1) and also see the category Tan is stable under homotopy pullbacks and sequential homotopy limits. So for (2) , by lemma 3.1.3, it is enough to prove T dR (∆ n ) and T dR (∂∆ n+1 ) are in Tan for n ≥ 1. We only show the case of T dR (∂∆ 2 ) and the others are clear. We may replace ∂∆ 2 by
Then the obvious sequence (
) is an extension whose class equals to [Σ i P i (t)dt·f i ].
In the rest of this paper we consider only Tannakian dg-categories of finite type.
Equivariant commutative dg-algebras
Let G be a group. Let Mod(G) be the category of possibly infinite dimensional right G-modules over k and dgMod(G) be the one of complexes over Mod(G). dgMod(G) has a structure of tensor category as usual and we denote by dgAlg(G) the category of commutative monoids over dgMod(G). We call an object of dgAlg(G) a G-equivariant commutative dg-algebra, in short, G-cdga.
dgMod(G) has a model structure such that a morphism is a weak equivalence (resp. fibration) if and only if it is a quasi-isomorphism (resp. levelwise epimorphism). The following lemma is clear.
Lemma 3.2.3. dgAlg(G) has a model structure such that a morphism is a weak equivalence (resp. a fibration) if and only if it is a quasi-isomorphism (resp. levelwise epimorphism).
We shall define the category of equivariant cdga's and show its appropriate full subcategory is 'almost equivalent' to Tan f . Definition 3.2.4. The category of equivariant cdga's EqdgAlg is defined as follows.
• An object is a pair (G, A) of a group G and a G-cdga A.
• A morphism f : (G, A) → (H, B) is a pair of a group homomorphism f gr : H → G and a morphism of H-cdga f : (f gr ) * A → B.
We say a equivariant cdga (G, A) is of finite type if G is a finite group and H i A is finite dimensional for any i and 1-connected if H 0 A ∼ = k and H 1 A ∼ = 0. we denote by EqdgAlg We shall define a functor
1, * . Let T(A) be a closed tensor dgc defined as follows. Let S G := Ob(Rep(G)) and W cl (S G ) be the set of word freely generated by S G ⊔{1, 0} with operations ⊗, ⊕ and Hom. Let R : W cl (S G ) → S G be the unique function which induces the identity on S G and preserves ⊗, ⊕ and Hom. We set ObTA := W cl (S G ). For V ∈ S G we define a complex A⊗ G V by
1, * gives a functor (f gr ) * : Rep(G) → Rep(H) so f induces a morphism Tf : TA → TB. TA has a natural closed tensor structure where for example, the tensor structure is given by the operation ⊗ of W cl (S G ) not by ⊗ of S G . The augmentation A → k defines TA → Tk. By composing this morphism with the unique morphism Tk → Vect which induces identity on generators, we get a morphism of closed tensor dgc TA → Vect. Thus, we have defined a functor
Remark 3.2.5. For any A ∈ EqdgAlg f 1, * , the morphism Vect → TA has the left lifting property with respect to trivial fibrations which are also equivalences, i.e., equivalences which induce surjections between sets of objects. So if (G, k) is the equivariant cdga corresponding to the initial object k of dgAlg(G) for a finite group G, T(G, k),which is equivalent to Rep(G), is cofibrant in dgCat Proof. (1) is a consequence of the fact that for a finite group H all objects of Mod(H) are projective. (2) is a consequence of (1) and the fact that for any A ∈ EqdgAlg f 1 there is a quasi-isomorphism B → A ∈ dgAlg(G) with B 0 ∼ = k and B 1 = 0. For example, one can take as B, a G-equivariant minimal model of A which can be constructed by a method similar to the usual case, see [4, Section 7] .
Proof. We show the first assertion. The second one follows from it, Remark 3.2.5, Lemma 3.2.6 and Lemma 3.2.8. Let
cl, * . We define a homomorphism of complexes
where
In general, one definesF (V,W ) :
cl, * andF makes appropriate diagrams commutative.
The Sullivan-de Rham equivalence theorem for finite fundamental group
In this subsection, we prove the following theorem. Let sSet f Q * be the full subcategory of sSet * consisting of connected pointed simplicial sets whose fundamental groups are finite and i-th homotopy groups are a finite dimensional Q-vector spaces for each i ≥ 2. We fix a presentation of universal coveringL → L for connected L ∈ sSet * . Let Π 1 (L) be the fundamental groupoid of L. Set
L has an left action of π 1 (L, * ): α · (σ, l) = (σ, α • l). So the polynomial de Rham complex A dR (L) with the constant coefficients has the induced π 1 (L, * )-cdga structure. Let G = π 1 (L, * ) and (G, A dR (L)) denote the augmented equivariant cdga and (e, A dR (L)) the one whose group is trivial group. There is a morphism ϕ : (G, A dR (L)) → (e, A dR (L)) which induces the identity on the underlying cdga. The following lemma is obvious.
Lemma 3.3.2. If G is a finite group, the morphism T dR (L) → T dR (L) induced by the projectionL → L is equivalent to Tϕ : T(G, A dR (L)) → T(e, A dR (L)).
Lemma 3.3.3. Let G be a finite group and K ∈ sSet * be a K(G, 1)-space. The unit of the adjunction K → RSp 0 T dR (K) is a weak equivalence.
Proof.K is contractible so T dR (K) is quasi-equivalent to T(G, k). So the morphism K → RSp 0 T dR (K) is weak equivalent to K → Sp 0 T(G, k), the adjoint of the composition
One can see π i (RSp 0 T dR (K)) = 0 for i ≥ 2 by the adjunction. So it is enough to show K → Sp 0 T(G, k) gives an isomorphism of π 1 . We may assume K = N (G), the nerve of G. Both K and Sp 0 T(G, k) are fibrant, one can check this explicitly. A representative of a class in π 1 (SpT(G, k)) is a morphism F : T(G, k) → T dR (∆ 1 ) of dgCat , k) ). α F corresponds to some g ∈ G via canonical isomorphism G ∼ = Aut ⊗ (ω T(G,k) ). One can see F represents the same class as Ev g : T(k, G) → T dR (∆ 1 ), the evaluation at the edge corresponding to g. So the assertion follows. The left vertical arrow is a weak equivalence by original Sullivan's theory and the right vertical one is a weak equivalence by Lemma 3.3.3. The bottom horizontal sequence is a homotopy fiber sequence by Lemma 3.2.9 and so is the top horizontal one by definition. Hence the middle vertical arrow is a weak equivalence. Thus T dR : Ho(sSet f Q * ) → Ho(Tan f ) op is fully faithful. Essential surjectivity follows from a similar argument and Proposition 3.2.7,(2).
Q-localization
Let sSet f * be the full subcategory of sSet * consisting of connected pointed simplicial sets whose fundamental group is finite and i-th homotopy group is a finite rank Abelian group for each i ≥ 2. is a Q-localization. In other words, for any morphism f : L → L ′ ∈ Ho(sSet * ) with L ′ ∈ Ho(sSet f Q * ), there exists a unique morphism g : RSp 0 T dR (L) → L ′ ∈ Ho(sSet f Q * ) such that g • u = f . (2) The morphism π 1 u is an isomorphism, and for i ≥ 2 π i u is a Qlocalization in the category of Abelian groups, i.e., isomorphic to the morphism id⊗ Z Q : π i (L) → π i (L)⊗ Z Q.
